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There are many applications in gauge theories where the usually employed framework involving 
gauge-dependent Green's functions leads to considerable problems. In order to overcome the diffi- 
culties invariably tied to gauge dependence, we present a manifestly gauge-invariant approach. We 
propose a generating functional of appropriately chosen gauge-invariant Green's functions for the 
bosonic sector of the standard model. Since the corresponding external sources emit one-particle 
states, these functions yield the same S-matrix elements as those obtained in the usual framework. 
We evaluate the generating functional for the bosonic sector of the standard model up to the one-loop 
level and carry out its renormalization in the on-shell scheme. Explicit results for some two-point 
functions are given. Gauge invariance is manifest at any step of our calculation. 
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I. INTRODUCTION 

The concept of gauge symmetry has played an important role in the development of quantum field theory and 
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1 particle physics. Nevertheless, most practical calculations in perturbation theory are done by fixing a gauge at the 
. beginning and using gauge-dependent Green's functions ||,|]]. Gauge dependence manifests itself only in the off-shell 
1 behavior of these Green's functions. Their pole positions and residues, i.e., particle masses, decay widths, and S- 
matrix elements, are gauge-independent. As long as one is only dealing with physical, and therefore, gauge-invariant 
OO ■ quantities there seems to be no reason why the gauge symmetry should be manifest throughout the whole calculation. 

There are, however, situations where one is interested to gain information from off-shell quantities or where one 
is forced to deal with them. For instance, problems with the gauge-dependent approach arise when one is dealing 
fS 1' with finite width effects of unstable particles, which is relevant for VF-boson production at the CERN e + e~ collider 
JL , LEP2 or at future colliders j|. Another example are the oblique parameters S,T,U Q] which parametrize effects 
of new physics on the vacuum polarization of the electroweak gauge bosons and which are defined through gauge- 
dependent self-energies. Off-shell information || is also used to investigate the electroweak phase transition where 
one is studying the effective potential at finite temperature. In the context of effective field theories one encounters 
. £h ! gauge-dependencies J(| , if one includes electromagnetic effects Q] in chiral perturbation theory || . Another example 
where a gauge-dependent framework causes considerable complications is the matching of a full and an effective 
theory. As pointed out in Refs. there are some subtleties involved concerning gauge invariance, if the matching 

is performed at the level of gauge-dependent Green's functions. 

Several attempts have been made in order to solve these problems with gauge- dependencies in different applications. 
For instance, the fermion loop scheme uJm was developed to treat unstable particles in VF-pair production. The pinch- 



technique |E4|l3| was used to define quantities S,T,U which are independent of the gauge-parameter |14|. Another 
approach to improve the properties of Green's functions with respect to gauge transformations is the background field 
method |ll| which was applied to the standard model in Ref . |ll| . 

The techniques employed differ in the degree with which the symmetry properties are manifest. All these approaches 
work within the usually employed gauge-fixed framework and try to improve the properties of Green's functions with 
respect to the gauge symmetry. Instead, we proposed a manifestly gauge-invariant functional approach in Ref. |Tc| l 
which is better suited for the applications we have in mind. It deals from the beginning only with Green's functions 
of gauge-invariant operators. We first applied our method to an effective field theory analysis of the Abelian Higgs 
model. Later we showed how one can treat charged particles with this new method in a manifestly gauge-invariant 
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way p7j|. This was done by a detailed comparison of QED in our approach with the conventional, gauge-dependent 
method. The extension to the electroweak standard model was briefly sketched in that reference as well. 

In the present paper we discuss the application of our method to the non-Abelian case in full detail. Generalizing 
the functional methods developed in Refs. |l8|JlO|Jl7|] we construct a generating functional for appropriately chosen 
gauge-invariant Green's functions for the bosonic sector of the standard model at the one-loop level. This is done 
by coupling external sources to gauge-invariant operators in such a way that the sources emit one-particle states of 
the Higgs boson, the W- and Z-boson and the photon. Due to the manifestly preserved gauge symmetry in our 
approach, the generating functional and the corresponding Green's functions automatically exhibit useful physical 
properties. In the usual approach to gauge theories these properties have to be imposed by specific renormalization 
conditions or by employing Ward identities. Finally, we show how one can extract physical quantities like masses, 
coupling constants and S'-matrix elements from these gauge-invariant Green's functions. Since the external sources 
emit one-particle states, the gauge-invariant Green's functions lead to the same S'-matrix elements as those obtained 
in the usual framework. In a first step we have not included fermions in our analysis. In principle, the treatment 
of fermions is straightforward in our approach. The corresponding source terms have been written down already in 
Ref. @. 

Because we couple sources only to gauge-invariant operators it is possible to calculate the generating functional and 
the corresponding Green's functions without fixing a gauge in the path integral Jl^,|l^|. At tree level we can solve the 
equations of motion for the physical degrees of freedom and define their propagators. The manifestly gauge-invariant 
method generalizes to the one-loop level where no Faddeev-Popov ghost fields appear. We note that the propagators 
which enter loop diagrams are not identical to the ones in unitary gauge in the usual framework. Therefore, the 
Green's functions^] of our gauge-invariant operators have a decent high-energy behavior and the renormalizability of 
the theory is clearly visible. This is due to the fact that the Goldstone boson modes are still present in the loops. 
We will discuss the renormalization of the theory in the presence of external sources in detail, using dimensional 
regularization and employing heat-kernel techniques. 

In the present work we concentrate on the development of a gauge-invariant functional approach to the symmetry 
breaking sector of the standard model in the spontaneously broken phase, thereby laying the theoretical foundations. 
A first application of our gauge-invariant method can be found in Ref. fil| where we have performed a detailed 
analysis of the electroweak chiral Lagrangian (20) , which describes the low-energy structure of a strongly interacting 
electroweak symmetry breaking sector. In Ref. fil| we have studied two issues related to gauge invariance where 
the usual approach with gauge-dependent Green's functions leads to considerable problems. In particular, we have 
determined the number of independent parameters in the effective Lagrangian by making use of the equations of 
motion to remove redundant terms. Furthermore, we have evaluated the effective Lagrangian for the standard model 
with a heavy Higgs boson. The calculation was performed by matching gauge-invariant Green's functions in the full 
and the effective theory at low energies. 

Finally, we would like to stress that the construction of the generating functional is done in such a way that the 
gauge symmetry is manifestly preserved at any stage. In this respect our method differs from the treatment of 
charged particles as proposed in Refs. [ pTp^ , although the starting point for the choice of gauge-invariant fields is 
very similar. We note that there are other attempts in the literature to define gauge-invariant and gauge-independent 
Green's functions in field theories, for instance the Vilkovisky-DeWitt effective action |^|. Another method which 
naturally deals with gauge-invariant objects is of course lattice gauge theory p4| ]. 

This paper is organized as follows: In the next section we discuss our choice of gauge- invariant operators and the 
corresponding external sources whi ch e mit one-particle states of the bosons. Then we define the generating functional 
for the Green's functions. In Sec. Ill we evaluate the generating functional at tree level. In particular, we discuss 
the solutions of the equations of motion for the physical degrees of freedom. In Sec. IV we calculate the generating 
functional at the one- loop level in such a way that the gauge symmetry is manifestly preserved throughout. The result 
encodes all one loop effects of the theory. In Sec. [v] we discuss the renormalization of the model and determine the 
renormalization prescriptions. In Sec. VI we calculate the two-point functions for the gauge-invariant operators and 
present some properties of these Green's functions which follow from the gauge symmetry. Furthermore we extract 
the electric ch arge and the masses of the bosons from the relevant two-point functions. Finally, we summarize our 
results in Sec. VII. Some technical details and lengthy expressions which are needed for the calculation can be found 
in several Appendices. 



1 Note that we distinguish between the Green's functions, like two-point or n-point functions, of gauge-invariant operators 
which are obtained from the generating functional and the propagators which appear in the solutions of the equations of motion 
at tree level or within loop integrals. 



2 



II. THE LAGRANGIAN AND THE GAUGE-INVARIANT GENERATING FUNCTIONAL 



The Lagrangian of the standard model without fermions is of the form 

C = \d^D^ - im 2 $t$ + ^(*t$)2 + -l^W^W^ + -^sB^B^ , (2.1) 

where $ = f ^ 2 ~\ denotes the Higgs boson doublet which is coupled to the SU(2)l gauge fields W£ (a — 1, 2, 3) and 
the U(1)y gauge field through the covariant derivative 

= (d„ - «yW; - i\B^J 0> . (2.2) 

Note that we have absorbed the coupling constants g and g' into the gauge fields and B^, respectively. The field 
strengths are given by 

w; v = d^w a v - d v w; + e ahc wlw c v , (2.3) 

Bfiv = d„B u - d„B^ . (2.4) 
The Higgs field $ and the gauge fields W£, B^ transform under SU{2)l gauge transformations in the following way: 

$^V$, VeSU{2), 
W„^VW^-i{d^V)V^, W» = wf-^-, (2.5) 

and under U(1)y gauge transformations as follows: 

B„ -> B„ - d^cj . (2.6) 

For computational convenience we are working in Euclidean space-time. 

For m? > the classical potential has its minimum at a nonzero value = m 2 /A and the SU(2)l x U (1)y 
symmetry is spontaneously broken down to U(l) cm . Accordingly, the field $ describes one massive mode, the Higgs 
particle, and three Goldstone bosons which render the gauge fields W and Z massive. Finally, the spectrum contains 
the massless photon. At tree level, the masses and the electric coupling constant e are given by the relations 

m V ,, r 2 _ to2 (.9 2 + g' 2 ) 2 _ ffV 2 



M' H = 2m<,M^=--^-,M<= — '- ^=ff^- 2 . (2.7) 

Furthermore we will use the following definition of the weak mixing angle: 

c 2 = cos 2 9 W = Ml, /M% ,s 2 = l-c 2 . (2.8) 

In order to have nontrivial solutions of the equations of motion, we furthermore couple external sources to the gauge 
fields and the Higgs boson. As discussed in detail for the Abelian Higgs model in Ref . |hJ and for QED in Ref. |L7| , 
the appropriate choice of the source terms is crucial for a manifestly gauge-invariant analysis. 

The sources will only respect the gauge symmetry, if they do not couple to the gauge degrees of freedom. Otherwise, 
one has to impose constraints on the fields in order to solve the equations of motion. Usually, this problem is cured 
by fixing a gauge. However, one can also turn the argument around and consider only those external sources which 
couple to gauge-invariant operators. As we will see below, such a manifestly gauge-invariant treatment is in fact 
possible at the classical level as well as when quantum corrections are taken into account. 

In order to write down appropriate source terms we will introduce another set of fields for the dynamical degrees 
of freedom which are already invariant under the non- Abelian group SU (2)l and, in parts, under the Abelian group 
U(1)y as well. It has been known for a long time (2^2^] that all fields in the standard model Lagrangian can be 
written, in the spontaneously broken phase, in a gauge-invariant way up to the unbroken U(l) em - It is convenient to 
use a polar representation for the Higgs doublet field 

m 

<S> = —RU, (2.9) 
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where the unitary field U, satisfying U'U = 1, describes the three Goldstone bosons, while the radial component R 
represents the Higgs boson. Furthermore, we define the ^-charge conjugate doublet 



(2.10) 



and similarly, U = IT2U* . 

We introduce the following operators: 



V, 



V 2 



^R 2 K , 
— R 2 W 2 

x » ■ 



involving the gauge boson fields 



W+ = -[W(D^U)-(D^U) , 



A — B 



s 2 Z u 



which a re in variant under the SU(2)l gauge transformations from Eq. (|2J5| 
in Eq. ( [2.1l| ) correspond to the currents of the global symmetr y S U(2)r. 
In terms of these composite fields the Lagrangian from Eq. (2.1) reads 



(2.11) 

(2.12) 
(2.13) 

(2.14) 
(2.15) 
(2.16) 

Up to a constant factor the operators V* 



R 2 W+VV" 



where 



1,2,3, 



B„ 



(2.17) 



(2.18) 
(2.19) 



In order to calculate Green's functions from which we then can extract physical quantities like masses, coupling 
constants and ^-matrix elements, we have to introduce external sources which emit one-particle states of the Higgs 
field and the gauge bosons. In analogy to the Abelian case |l0| , [l7|| we couple sources to the SU{2)l X J7(l)y gauge- 
invariant operator $t$ an( j th e field strength B^. For the massive gauge bosons the situation is more involved. 
Whereas the field Z^ is fully gauge-invariant, the charged gauge fields and the corresponding currents have 
a residual gauge dependence under the U(1)y gauge transformations from Eq. (2.6): 



(2.20) 



We can, however, compensate this gauge dependence by multip lying the charged fields and V^ 1 by a phase 
factor |H|]2l^ , |l7| ] . In terms of the operators V£ from Eq. (2.11) we can then write appropriate SU(2)l x U(1)y 
gauge-invariant source terms for all the fields as follows: 



C 1 



1 



1 



with external sources h, K^ v , and J^(a = 1, 2, 3). The phase factor in Eq. (2.21) is defined by 

<p(x) = exp \T J d d y g (x - y) d^B^y) 



(2.21) 



(2.22) 
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with 




T= | - 1 I . (2.28) 
and 

g a (x-y) = {x\±\y). (2.24) 

Since the vacuum in the spontaneously broken phase corresponds to the value R = 1, Green's functions of the field 
contain one-particle poles of the Higgs boson, whereas those of <p ab V b have one-particle poles of the gauge bosons 
W and Z. 

In Ref. [ jlTfl it was shown to all orders in perturbation theory that a phase factor ip which is defined analogously to 
Eq. ( [2.22] ) does not spoil the renormalizability of QED. Since the proof did not rely on any particular feature of QED, 
the same should be true for the present case as well. This is due to the fact that the phase factor only contains the 
Abelian gauge degree of freedom which does not affect the dynamics of the theory. Since the operator <&^<£> and the 



currents V® from Eq. (2.11) have dimension less than four, source terms involving these operators do not spoil the 
renormalizability either. The reader should note, however, that we do not have a formal proof of renormalizability to 
all orders in perturbation theory for the present case. As will be shown below, at the one-loop level everything works 
fine and on physical grounds we expect this to happ en at all orders. 

Green's functions of the operators in Eq. ( [2.2l| ) are, however, more singular at short distances than (gauge- 
dependent) Green's functions of the fields $,W^, and £? M themselves. Time ordering of these operators gives rise 
to ambiguities, and the corresponding Green's functions are only unique up to contact terms. In order to make the 
theory finite, these contact terms of dimension four need to be added to the Lagrangian which is then given by 

^SM = £sm + ^source + ^source ■ (2.25) 



The first term in Eq. (2.25) is defined in Eq. (2.17). The second term is given by 



where 



Source = -^h&$ - \k^B^ + j;<p a X > ( 2 ' 26 ) 



h = h + 4v Sj J+ J" + Cjj J* J* + U a Jl , (2.27) 



u 33 u p' J p ~ ^33° n ,J 11 fX fl 



= + CBildpJ? - d v J* ) - 2ic Bjj (J+J- - J-J+) . (2.28) 



The last term in Eq. ( 2.25 ) is defined by 



•^source — v djjJ v [^(d^J^ dyJ^ )J /1 i{dpJ v dyJ^ )J^] + Vdj(d^J v d v J^ )(d fJ- J l , d u J ^ ) 

- ~c*i(V;f - d v J*)(J+J- - + \c d] (d^ - d v jZ){d,jz - d v jZ) 

+ mv JJ2 (J+J-) 2 + 4vjjjj(J+J- + J-J+f + c JJ2 (jZjZ) 2 
+ 4v J2ZZ J+J-jZjZ + 2v JJZZ (J+J- + J-J+)J£J* 

+ c hh h 2 + c mh m 2 h + 4c hJ jhJ+J~ + Ac mJJ m 2 J+ J~ + c hzz hJ^J^ + c mZZ m 2 J^J^ , (2.29) 
where we introduced the quantities 

J^ = \{JlTiJl), J* = J*, (2.30) 

d^Jt = (dp T iBl) Jt , Bl = ?Tp V B v , (2.31) 

PTp„ = — PL^„ , PL^y = — — — . (2.32) 

The contact terms in C 2 omcc will not contribute to any physical 5-matrix elements. 
For later use we define the following SU(2)l X U(l)y gauge-invariant fields: 
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ya 


= v a X . 


(2 


w ± 

—n 




(2 


A T 


— PT 4 


(2 



where 



(x) = exp J d d yG (x-y) d^B^ (y) 



(2.36) 



The projection on the transverse mo de in Eq. (2.35) leads to a fully SU(2)l x L/(l)y gauge-invariant field, since the 
SU(2)l invariant field A^ from Eq. (2.15) transforms under U(X)y as follows: 



An - 9uW , 



(2.37) 



i.e. like an Abelian gauge field. 

Furthermore we introduce the quantities 



= K + > ^ = 2 U + 4j,f 



The generating functional WsM[h, K^, J"] for the gauge-invariant Green's functions is defined by the path integral 



(2.38) 
(2.39) 



Jd d xC s 



(2.40) 



Note that we still integrate over the original fields and i? M in Eq. (2.4C). Furthermore, we have absorbed 

an appropriate normalization factor into the measure d(j,[<f>,W®,B fjl ]. Derivatives of this functional with respect to 

the field h generate Green's functions of the scalar density <E>^<I>, derivatives with respect to the source generate 

Green's functions of the field strength B^, while derivatives with respect to J® generate Green's functions for the 

currents Vf,. 
— 

In the spontaneously broken phase, these Green's functions have one-particle poles from the Higgs boson as well as 
the gauge bosons. Thu s, one can extract S-matrix elements for the physical degrees of freedom from the generating 
functional in Eq. (2.40). Due to the equivalence theorem |28| these S'-matrix elements will be identical to the ones 
obtained from those Gre en's f unctions which are used in the usually employed formalism. The presence of the contact 
terms in £g Ourc0 in Eq. (2.29) reflects the fact that the off-shell continuation of the S'-matrix is not unambiguously 
defined. Note that this is a general feature of any field theory and not particular to those involving a gauged symmetry. 
The continuation we choose here has the virtue of being gauge- invariant. 

There is another aspect worth noting. In Refs. |^,^6| it was pointed out that the complete screening of the SU(2)l 
charge of the composite fields V® and $ T $ can be interpreted as the manifestation of confinement in the electroweak 
theory, similarly to the mechanism in QCD. As discussed in Ref. |26]| the physically observed particles then correspond 
to "mesonic" and "baryonic" bound states of the usual fields that appear in the Lagrangian. To illustrate this point 
more clearly, it is useful to include the fermions for a moment. As shown in Ref. |17|| , for up and down type quarks 
and leptons one may consider the following composite fields: 



rn 

7x 

rn 



Rdi, 



L Vx 



(2.41) 



which appear in the Yukawa interactions. The interpolating fermion fields 



k 
L I 



\ = uH k L , 



Li 



(2.42) 



are SU (2) ^-invariant and have the same U(1)y quantum numbers as their right-handed counterparts. The fields q\ 
and l\ in Eqs. (2.41) and ( 2.42j ) are the usual fermion doublets for the quarks and leptons with family index k. 

Denoting schematically all doublets (Higgs, quarks, leptons) b y q, one can interpret the fields built out of q'q' 
as "mesons" and the fields q*q' = —qte^q'j as "baryons," cf. Eq. ( 2.1CQ . The fields q^D^q' and q^D^q' can then be 
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viewed at as P-wave states of these "mesons" and "baryons." Thus we have the following "mesons" Rd\ : Re\, R 2 Zp 
and <E>^<I>, which correspond for each family k to the physical (i-quark^, the electron, the Z-boson and to the Higgs 
boson, respectively. Furthermore, there are the following "baryons" Ru\,Rv\ and R 2 W^, which correspond to the 
physical u-quark, the neutrino and the VF-bosons. The fundamental fields and $ which carry 5C/(2)L-charges 

are confined at low energies, i.e. around the electroweak scale, in these "mesons" and "baryons" due to the strong 
non-Abelian forces of the SU(2)l gauge fields. Therefore the SU(2)l charge cannot be observed in physical states, 
similarly to color in QCD. Note that the notions "meson" and "baryon" are convention dependent. In particular, we 
use different conventions than those employed in Ref. p(jf . 

Our approach, extending the gauge-invariant treatment to the full group SU(2)l x U(1)y, can thus be viewed at 
as a well-defined framework for carrying out calculations which involve only those external fields which correspond to 
the physically observed particles. 

As was pointed out in Refs. Jl(],[lj} it is possible to evaluate the path integral in Eq. (2.40) without the need to fix 
a gauge as will be shown in the following. 

III. TREE LEVEL 

At tree level, the generating functional for the bosonic sector of the standard model is given by 

W SM [h,K^,J^} = J d*x/^(K*,w2< ± ,Z*,A* T ) , (3.1) 
where i^VV^,^, and Af T are determined by the equations of motion 



UR : 



™ 2 (R 2 -i) + y+y; + \yZyZ-h 



R, (3.2) 



-d^W% = -M^R 2 (VV± + 4J±) ± i (c 2 Z^ + A,J) W± ± 2 (W+W; - V\£ W+) Wf L , (3.3) 
-d^ = PT v/i {-M 2 R 2 yZ + T„) + e -d^K^ + ^PT^Sp , (3.4) 



~ 2 



-dpAp V = s 2 YT u ^ - efdnK^ - e 2 PT I/M 5 M . (3.5) 
Furthermore, the equations for the Goldstone boson field U correspond to 

<P£= "2^25 (3-6) 



R 
djjl- 
R 



dX = - 2 ^^f - HJ+W- - J-W+) . (3.7) 



In order to simplify the notation we have omitted the prescription "cl" in the equations above. In Eqs. ( |3.2| )-( |3~7j ) we 
have introduced the quantities 

^^ T ^=W±+4J±, (3.8) 

d^Wt = (d^Ti [Z, + s 2 Zl - Al\ ) Wt , (3.9) 

W% = d^Wi-d u Wi, (3-10) 

Zp V = dpZ v - d u Zp , (3.11) 

•A^v = dpA v d v Ap , (3.12) 
T„ = 2Z P {W+W- + W+W-) - iZ^W+W; + 2i(VV+ w- - W- W+) 

- 2i(d p W+W; - d p W;W+ - d p W+W- + d p W~Wj) , (3.13) 

S/J. = ~ VdjjJp {Jp Jp + Jp Jp) + 2 v djjJp Jp J p 

- 2v dj [i(d p J+ - dpj+)j; - i(d p J- - dpj;)j+] . (3.14) 



2 



Of course, if we switch on the QCD interactions, the quarks will be confined in hadrons. 
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The covariant derivatives in d^J ^f , d y^ ; , and d W^, are denned in the same way as in Eq. (3.9) 



Several things about Eqs. ( |3.2| )-(3.7) are worth being noticed. First of all, only the physical degrees of freedom 
enter these equations. The radial variable R which is relate d to the massive Higgs boson is dete rmined by Eq. ( |3.2| ) . 
Solutions for the massive gauge boson fields VVjt, cf. Eq. ( 2.34 ), and Z^ follow from Eqs. (3J5) and (3.4). Finally, 
Eq. ( |3.5| ) determines the transverse component of the massless photon field Aj^. Note that the equations of motion 
do not determine the longitudinal component of the photon field and the phase of the gauge boson fields which 
correspond to the U(l)y gauge degree of freedom. Even more they do not determine the classical Goldstone boson 
field U either, since it corresponds to the SU(2)l gauge degrees of freedom. Thus, gauge invariance implies that 
these equations have a whole class of solutions in terms of the original fields $,W%, B^. Every two representatives 
are related to each other by a gauge transformation. Nevertheless, the physical degrees of freedom are uniquely 
dete rmin ed by these equations of motion. Moreover, since the action is gauge- invariant, the generating functional in 
Eq. (3.1) is uniquely determined as well. 

The most important point is the fact that the classical Goldstone boson field U represents the SU(2) l gauge degrees 
of freedom. Thus, no Goldstone bosons are p rop agatin g at the classical level of the theory. All gauge-invariant sources 
emit physical modes only. Moreover, Eqs. (3J3) and (3/7), which follow from the requirement that the variation of 
the Lagrangian with respect to the Goldstone boson field U vanishes, are not equations of motion, but constraints 
expressing the fact that the gauge fields W,,, Z^, and A^ couple to conserved currents. They can also be obtained by 
taking the derivative of the equations of motion for the gauge fields . Not e that we have already used the constraints 
to bring these equations of motion into the form given in Eqs. (3.2)— (3.5). 

In order to solve the classical equations of motion ( |3.2[ )-(3.5) we introduce a parameter \ which counts powers of 
the external sources: 



From this we get the counting rules 



R-l,W^Z^A^ = 0( x ) • 



(3.15) 



(3.16) 



We will see below that this counting scheme is self-consistent. 

The solution of the equation of motion for the Higgs field R, Eq. ( |3.2|) , reads, up to and including quadratic terms 
in powers of the external sources, 

(R-i)(x) = J d d y g H (x- y )(h-y+y--±yZy^ ( y ) + J d d yd d z g H {x-y) (h( y )g H { y - z )h{z)) 

-3m 2 J d d yg H (x-y)^j ' d d z g H (y - z)h(z)^j . (3.17) 

In order to calculate the two-point functions of the p hysica l fields in Sec. |v| we will not need the terms of third and 
higher order in powers of the external sources in Eq. (3.17). 



The solutions for the equations of motion for the gauge fields, Eqs. (3.3)-(p.5|), are given by 



Wf T {x) = 


J d d yg w {x 


Wp L {x) = 




Z T »{x) = 


J d d y g z ( x 


Z»{x) = 


-4Jf L (x), 


Al{x) = 


/ d d y g A (x 



(3.18) 
(3.19) 
(3.20) 
(3.21) 
(3.22) 



We will only need the leading terms of the solution in powers of the external sources later on. In Eqs. (3.17)— (3.22) 
we have introduced the quantities 



j±,T _ prn T± 



jZ,T _ prp JZ 



7±>i pT T± jZ.L pj tZ 



(3.23) 



and 
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Gh(x -y) = (x\ 
Gw{x - y) = (x\ 
Gz(x -y) = (x\ 



The U(1)y gauge degree of freedom of the longitudinal component of can be parametrized as follows: 

B L u =d„u>, 



-□ 


+ 2m 2 




1 


-□ 








-□ 


+ M% 


1 






y)- 



(3.24) 



(3.25) 



with an arbitrary function u. The solutions for the longitudinal component of the photon Aj^ and the phase of the 
W-boson field are given by 



(3.26) 
(3.27) 



The gauge dependence of these fields manifests itself through the presence of the undetermined function u>. The 
SU(2)l gauge invariance corresponds to the freedom to choose an arbitrary field U. For instance, the choice U = (?) 
leads to the unitary gauge. 



IV. ONE-LOOP LEVEL 

The one-loop contribution to the generating functional can be evaluated with the saddle-point method. Before we 
proceed with the explicit calculation of the generating functional some general remarks are in order. If we write the 
fluctuations y around the classical fields T cl as T = T cl + y, we obtain the following representation for the one-loop 
approximation to the generating functional: 



-W SM [h,K^,J-] =e -J d d xCI? M f d ^] e -(l/2) / d d xy T Dy 



(4.1) 



Gauge invariance implies that the operator D has zero eigenvalues corresponding to fluctuations y which are equivalent 
to infinitesimal gauge transformations. Indeed, if T cl ^ is a solution of the equation of motion, i.e., a stationary point 
of the classical action, 



6S; 



SM 



= 



(4.2) 



then any gauge transfor matio n yields another equivalent solution. The index i in T cl ' 1 labels the different fields. Thus, 
differentiating equation (4.2) with respect to the gauge parameters uo A one obtains 



S 2 S SM STi 







(4.3) 



The quadratic form which appears in Eq. (4.3) is identical to the differential operator D. If we denote the zero 
eigenvector by £ and parametrize it in terms of scalar fields a by way of ( = Pa, with some differential operator P, 
Eq. (4.3) translates to the identity P T D = DP = 0. Let a m be the eigenvectors of the operator P T P, i.e. 



P Po^m — ImOtm • 

Then, the expansion of the fluctuation y in terms of eigenvectors of the operator D is given by 



(4.4) 



(4.5) 







where Q m = Pa m and £ n have zero and non-ze ro ei genvalues, respectively. 

In order to evaluate the path integral in Eq. (4.1), we use Polyakov's method J2{| and equip the space of fields with 
a metric 

| Ml 2 = J d d xy T y = £ < + E ' ( 4 - 6 ) 

n m 

With our choice for the scalar fields a m , the metric on the kernel of the differential operator D is diagonal: 

d XOLfaP PoLjyi — ^fhm^m ? (^•'O 

and the volume element associated with this metric is then given by 



d^,W;,B^} = M Y[ da n Y[ db m Vdet P T P . (4.8) 

n m 

The integration over the zero modes yields the volume factor of the gauge group, which can be absorbed by the 
normalization of the integral. The remaining integral over the non-zero modes is damped by the usual Gaussian 
factor. U p to an irrelevant infinite constant one obtains the following result for the one-loop generating functional 
from Eq. (4.1): 

W SM [h,K^,J^] = J d d xC SM + ^lndet'5 - ilndet P T P . (4.9) 

The first term on the right-hand side represents the classical action which describes the tree-level contributions to the 
generating functional. In the second term, the determinant det'Z? is defined as the product of all non-zero eigenvalues 
of the operator D. The last term originates from the path integral measure. The sum of the last two terms in Eq. (4.9) 
corresponds to the one-loop contributions to the generating functional. 

We now discuss in more detail the evaluation of the one- loop contributions to the generating functional in Eq. (4.1) 
for the standard model. The choice of an appropriate parametrization of the physical modes and their quantum 
fluctuations is very important in order to obtain an expression for the differential operator which is still tractable. 
We introduce the following fluctuations f,i] a ,w^, and around the Higgs field R, the Goldstone boson field U, the 
three SU(2)l gauge fields W" and the U(l)y gauge field respectively: 

R^R+—f, (4.10) 
m 

U -> e lK / 2 VU , (4.11) 

W,^W,+ l -gwlVt a V\ W^W^, (4.12) 

B^B^+g%, (4.13) 

where 

«(a0 - -9 J d d yG (x - y)d fl b fi (y) , (4.14) 

V(x) = exp ^-^^(x^ix^j , V g SU(2) . (4.15) 

The matrices t l in Eq. ( 4.1 5| ) are defined through the relations 

t 1 = UU^ + UU^ , 
t 2 = iiUU^ - UU^) , 

t 3 = UU^ - UU^ , (4.16) 

and satisfy the Pauli algebra 

[t\t j ] = 2ie ijk t k , {t\t j } = 2S lj l . (4.17) 
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Using the above transformation properties we get 



/m'""' lu- 5 , „, DT , X fc3 2^A ^ _ 2A 6cd rf / ^ 



Mj + Hl+^ — W) -=3^(^-h) h (4-18) 



where 



X>°y = - e afcc W^ b . (4.19) 




The basic idea for this choice of parametrization of the quantum fluctuations is the following. If we shift the 
fields only linearly, the correspondence between zero modes of the differential operator and fluctuations corresponding 
to gauge transformations is only true at leading order. However, if we use the parametrization given above this 
correspondence is true at higher orders in the fluctuations as well. 

We collect all the fluctuations in a vector 

( f \ 

(4.20) 

where = ( ^ ^ describes the fluctuations of the gauge fields. Here and in the following, lowercase Latin indices 

(a, b) run from 1 to 3, whereas uppercase Latin indices (A,B) run from 1 to 4. The differential operator D which is 
acting on the space of fluctuations from Eq. ( 4.20| ) can be represented by a 3 x 3- matrix. Before we write down this 
matrix it is useful to make some additional transformations of the differential operator. 

As noted above, the differential operator D has zero modes due to gauge invariance. In the basis /, rj a , q^ they can 
be written in the form 

° \ 

MwR5 aB \a B = Pa, (4.21) 

vj B ) 

where a B are four arbitrary scalar functions. The covariant derivative T>^ B is defined through 

fiAB = 6 AB d ^ _ fABc w c ^ (4 22) 

cABc f e abc , A = a,B = b, 



f ° ~ i \ A = 4and / or B = 4 . 



The generating functional is then given by the expression in Eq. (4.9). Using the fact that zero and non-zero 
eigenvectors are orthogonal to each other leads to the identity 

lndet'5 = lndct (5 + PP T + 5 P ) - lndet(P T P) , (4.24) 



up to an irrelevant infinite constant. Again, det'-D denotes the product of all non-zero eigenvalues. The operator 5p 
will be defined below. 

In order to remove the dependence of the differential operators D + PP T + dp and P T P on the phase factor ip we 
define 

D + PP T + 5p = Oi (5 + PP T + <5 P ) OT , (4.25) 
P T P = 2 (P T P)0% , (4.26) 

where 




o£ B 



<>>■■■{ <> -r 11 I • (h = ( C i ) (427i 
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The transformation matrices 0\ and O2 hav e unit determinant since det (p = 1, because the matrix T which appears 
in the phase factor is traceless, cf. Eq. ( 2.23| ). 

Therefore, the generating functional at the one-loop level can be written in the following form: 



W S M[h,K^,j;}= J d d x£«M + ^ In det (p + PP T + &>) - In det P T P, 



(4.28) 



where the solutions of the equations of motion (3.2)— (3.5) have to be inserted. It represents the full one-loop contri- 
butions of the bosonic sector of the standard model. 

The explicit expressions for the components of the differential operator D + PP T + dp, which we parametrize by 



D + PP 1 



S P 



d 5 5 V 
S T D A u 
51 K D. v 



(4.29) 



can be found in Eqs. (Al 



in Appendix 0. The operators PP T , P T P , and 5 P are listed in Eqs. flA2l|) - (|A23l) . 
We would like to stress an important point here. At the classical level only physical modes propagate. The 
classical Goldstone boson field U cl represents the SU(2)l gauge degrees of freedom. At the quantum level , how ever, 
t he s ituation is different. Quantum fluctuations around the classical field U cl denoted by rf , cf. Eqs. (4.11) and 
(4.15), imply virtual Goldstone boson modes propagating within loops. Note that these modes are absent in any 
gauge-dependent approach based on the unitary gauge. They are, however, necessary in order to ensure a decent 
high-energy behavior of the theory. 

In order to diagonalize the differential operator D_ + PP T + dp we introduce some additional quantities: 



Using the identity 



where 



6 = D-S T d~ 1 5, 



T T (5 + PP^_ + Sp)T = diag (d, 6, XL„) 



T 



1 -d- x S -d-^u + d^SQ- 1 ^ 

1 -e^ 1 ^ 

6^ 



(4.30) 

(4.31) 
(4.32) 

(4.33) 
(4.34) 



and the fact that the transformation matrix T has unit determinant, one obtains the following intermediate result for 
the generating functional: 



/111 
d d x£ SM + - In det d + - In det 6 + - In det V - In det P T P 
AAA 



(4.35) 



In a second step we rotate from the fluctuations of the weak eigenstates of the gauge bosons to the corresponding 
mass eigenstates: 



T) — ► T) — (IT) O 1 



with the orthogonal matrix 



O = 



10 

10 

c -s 

s c 



(4.36) 



(4.37) 



After this rotation we get 



2V = 



7Z,T D Z ~A 
\ fA,T ~A,T D A 



(4.38) 
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where the components are defined by the following equations: 



d m = d m _ g 

fj,v pu p 



M,Ti-l x M 



7M 
n A 



M 



e 



m 



, M = W,Z,A, 
M = Z,A, 



(4.39) 
(4.40) 
(4.41) 



Similar relations hold for the transposed components £,^i, T , £fy T , and ri A ^ T . Furthermore, we have introduced the 
quantities 



< = - 5 T d-X, 



M = W,Z,A 



(4.42) 



Note that the index W which appears in Eqs. ( 4.38 ), ( 4.39 ), and ( 4.42 ) refers to the two components w 1 ^ 2 of the 
fluctuations which correspond to the original fields W^' 2 . We will use Greek letters a, (3 — 1, 2 to label these two 
components. The expressions for the differential operator s wh ic h app ear in Eqs. (4.39)— (4.41) can be found in 
Appe ndix |a|. Th e operators <5 M and A u ar e list ed in Eqs. ( A24 )-( A35 ). The first terms on the right-hand side of 
Eqs. fl4.39D-(p~4l|) are given by Eqs. ([A36|)-([A"44|). 



Finally, we can diagonalize the differential operator D^ v from Eq. (4.38) in an analogous way to the diagonalization 
of the operator D_ + PP T + Sp in Eq. ( 4.33 ). The correspon ding t ransformation matrix has again unit determinant. 



This is, of course, also true for the orthogonal matrix O, Eq. (4.37). Therefore we can write the generating functional 
in the following form: 

W SM [h,K^,J*} = { & d xC S M + ilndetrf + ilndct9 + ilndctP w + \\ndctV z + \\ndetV A - lndet P T P . 

(4.43) 

(4.44) 
(4.45) 
(4.46) 
(4.47) 



The operators which appear in Eq. ( |4.43j ) are defined through the relat 



Ions 



^ pv — ^ pv — - L> pV U p " U V p W V ' 



T>* = D 

pV pV 



VP \ I pa 



Z 

ay ' 



VI, 



pi> ^pp V J 



N; 



(V z ) N 



Nf, 



'Ipv ^pp V I pa 



•^au 



Equation (4.28) and the equivalent forms in Eqs. (4.35) and ( [4.43] ) represent our result for the generating functional 



WsM[h, Kf+v, J^] for the gauge-invariant Green's functions for the bosonic sector of the standard model. These 
formulas encode the full tree-level and one-loop effects of the theory. If one expands the generating functional up to 
a given order in powers of the external sources one can extr act an y n- point Green's functions for the gauge-invariant 
operators B^, and V£. Since the equations of motion (3^2 )— (3/7) only involve gauge-invariant fields and because 
the differential operators which enter the generating functional only contain gauge-invariant quantities, cf. the explicit 
expressions in Appendix |A|, the evaluation of the generating functional and the final result will be manifestly gauge- 
invariant. In Sec. VI we will calculate the two-point functions of these gauge-invariant operators. Before we come to 



this, we discuss in the next section the renormalization of the theory in the presence of the external sources. 



V. RENORMALIZATION 



In order to render the generating functional V^sm^, Kpv, J^] of the standard model in Eq. (4.28), and the equivalent 
forms in Eqs. ( 4.35| ) and ( 4.43| ), finite, one has to renormalize the bare constants m 2 ,\,g,g', the scalar field <E> and 
the sources before the regulator can be removed. There is no wave-function renormalization for the gauge fields W" 
and j5 m on account of gauge invariance, cf. our definition of the covariant derivative in Eq. (2.2). The ultraviolet 
divergences are related to the poles of the d-dimensional determinant, which appear in the generating functional for 
d = 0, 2, 4, In general, for a differential operator D of the form 



(5.1) 



the pole term of the determinant at d = 4 is given by 
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with 



-lndet£> = ~ ~ ~ ~~ „ 
2 d-4 167r 2 



r„ 



<l".'-tr I ^f^f^ + ia 2 ) + 0(1 i 



(5.2) 



(5.3) 



This identity can readily be derived |L^] using the heat kernel method |3(|. The symbol "tr" in Eq. (5.2) denotes 
the trace over internal and Lorentz indices which will be suppressed in the following. We cannot apply, however, 



formula (5.2) in our case. This is due to the fact that the differential operator^ D + PP T , which appears in the 
one-loo p ex pression for the generating functional, is not an ordinary local differential operator of the form given 
in Eq. (5.1), but a nonlocal functional of the fields due to the presence of derivatives of the massless propagator 
Go(x — y) — (x\l/(—d)\y) in some of the components. These massless propagators originate from the phase factor tp, 
cf. Eq. (2.22). In order to calculate the counterterms, we therefore split the differential operator in a local, D\ ac , and 



a "nonlocal," SD, part 



D + PP 1 = D 



loc 



SD , 



(5.4) 



where SD contains all the term s stem ming from the phase factor. The explicit expressions for these operators can be 
found in Appendix [3, cf. Eqs. (BIO) and (B21). Using this decomposition we can write 



l - lndet(5 + PP T ) = ± lndct Aoc + \tt [D^SD] - ^Tr [(D^SD) 



-Tr 



(5.5) 



The first term on the right-hand side of Eq. (^5|) can now be treated in the usual way using Eq ( |5.2| ), whereas we 
can use a short distance expansion to extract the divergent and local contributions from the other terms. Techniques 
for performing such a short distance expansion have been discussed in detail in Ref. |Tq| . Here we present only the 
general procedure. 



We write the second term on the right-hand side of Eq. (5.5) in the form 

~Tr[D£8D]=± J d d xd d y ti-((x\D- o l\y)(y\SD\x)) 



(5.6) 



Due to the presence of one prop agat or D^ c this term can be viewed as a tadpole graph. 

The ultraviolet poles in Eq. (5.6) are connected to the short distance properties of the operator Dioc, which in 
turn are governed by the Laplacian □, since D\ oc is of the form given in Eq. (5.1). Observing that in rf-dimcnsional 
Euclidean space one has the identity 



where z 



(x\e XD \y) = {^\)- d l 2 e- z ' ix , 
y, we define the heat kernel H(x\X\y) through the equation 

(x\e- XD ^\y) = (AnXr d / 2 e^l AX K{x\\\y) 



Using Eq. (5.8) wc can then write 



(x\D 



loc I 



dA 



dA 



H(x\X\y) 



E 



e -* 2 /^x n H n (x\y) 



(5.7) 
(5.8) 

(5.9) 
(5.10) 



In the second line we have expanded the heat kernel H(x\X\y) in terms of the heat coefficients H n (x\y). These heat 
coefficients can in turn be expanded around the point x in order to obtain local counterterms at the end: 



For the calculation of the counterterms it is convenient to introduce a real representation for the Higgs field. See Appendix | 
for details. 
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H n {x\y) = H n (x\x) - (d,j,H n )\ x=y + -z^z v {d^d u H n )\ x= 



x=y 



(5.11) 



One now inserts the resulting expression for {x\D i( ^ c \y) into Eq. ( [5.6] ). Moreover, one can use the following represen- 
tations for the massless propagator Qo and derivatives thereof 



Go(z) = 
d^d v Q (z) = 



dp e _«V4, 



o {^P) d/2 

dp f_l 1 

o (4^ 1, 2%" 

o (47rp)<V 2 ^ 2 p 4 p 2 ,g 



(5.12) 
(5.13) 
(5.14) 



which appear in (y|<$.D|x). If one now performs the integration over d d z and the parameters p and A, one observes 
that the ultraviolet poles manifest themselves as divergences at the lower end of the integration over A. Power 
counting shows that higher order heat coefficient s H n lead to a less singular behavior for short distances since they 
are accompanied by additional powers of A in Eq. (5.1C). The same is true for higher derivative terms in the expansion 
of H n in Eq. ( |5.11 ) , due to th e pre sence of additional powers of z^. Therefore only a finite number of terms in the 
expansions in Eqs. ( 5.1Cl| ) and J5.ll ) lead to ultraviolet divergent contributions. At the end, we need only the leading 
order term Hq(x\x) and the next-to-leading order terms (d li d v Ho)\ x and Hi(x\x) to extract the counterterms. The 
explicit expressions for these quantities can be inferred from the results (cf. Ref. |1| for the derivation) : 



Hq(x\x) = 1, H\{x\x) = — a . 



0, 



(5.15) 



The third term in Eq. (5.5) can be written in the form 



- jTr [{D^\5Df] = ~ I d d xdV^d d U tr((x|^roc 1 l2/>(yl^k>^lA;>>("I^N)) 



(5.16) 



which can be interpreted as a two-point function with two propagators D^ oc . Similar arguments as used above then 
lead to the observation that we need only the leading term in the short distance behavior of -Di oc , which amounts to 
setting 



(x\Dy l\y) 



(5.17) 



in Eq. (5.16). Ag ain we have suppressed all internal and Lorentz indices in Eq. (5.17). Finally, all the subsequent 
terms in Eq. ( |5.5| ), which contain three and more propagators D^ c , lead to ultraviolet finite integrals. 



The ultraviolet contributions from the measure of th e pa th integral to the generating functional, i.e. the term 
— lndet P T P, can be treated in the usual way, using Eq. (5.2). The explicit result for the operator P T P can be found 



in Eq. (|B25j). 

This procedure leads to the counterterm Lagrangian from w hich o ne can read off the renormalization prescriptions 
which will remove the poles in the generating functional in Eq. (4.28). The full list of renormalization prescriptions for 
all th e fields, the m ass p arameter to 2 , the coupling constants, and the sources are listed in Appendix |B]in Eqs. ( B26| )- 
( B33 ), and flB35| )-( B6C ). In the next section we will onl y nee d the r enormalization prescriptions for the fields, the 
mass and the coupling constants which are given in Eqs. (B26)-(B33). 



VI. PHYSICAL INPUT PARAMETERS FROM GAUGE-INVARIANT GREEN'S FUNCTIONS 

In this section we relate the bare parameters of the theory to physical quantities. As physical input parameters 
we choose the masses of the Higgs and the W and Z bosons, and the electric charge (on-shell scheme). The physical 
mass of the Higgs boson, which we denote by Mfj pole , is determined by the pole position of the two-point function 

(0|T($ t $)(x)($ t $)(y)|0) . (6.1) 
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The physical masses of the VF-boson, M^ polc , and the Z-boson, Af| pole , are defined by the pole positions of the 
two-point function 



(0\T(Vl)(x)(Vl)(y)\0) 



(6.2) 



The electric charge is determined by the three-point function 

(0\TB^(x)(V;)(y)(V~)(z)\0) . (6.3) 
Alternatively, one can define a renormalized electric charge as the residue at the photon pole of the two-point function 



\TB^(x)B pa {y)\Q) 



(6.4) 



We will denote the corresponding coupling constant by e 2 es . At this point several comments are in order. In the 
usual approach to gauge theories dealing with gauge-dependent Green's functions, two- and three-point functions are 
related by Ward identities. These kind of Ward identities follow, however, from the fact that these Green's functions 
are gauge-dependent. In contrast, there are no Ward identities of this type between our gauge- invariant Green's 
functions. Nevertheless, the absence of Ward identities does not imply any lack of knowledge. All information that 
Ward identities encode in any gauge-dependent framework is manifest in our app roa ch. Therefore, one may expect the 
coupling constant which can be extracted from the three-point function in Eq. (6.3) and from the two-point function 
in Eq. ([O]) to be the same, if they are evaluated at the same scale. Below, we will extract the electric charge e 2 es from 
the residue of the two-point function in Eq. {6A). We have not explicitly checked whether the definition through the 
three-point function i n E q. (3.3) leads to the same result. Note that the residue of the two-point function of the field 
strength B^ v in Eq. (6.4) differs from unity and that there is no freedom to adjust the residue by a renormali zati on 
factor. This can be traced back to our normalization of the gauge field B^ in the covariant derivative, cf. Eq. (2.2). 

Before we begin with the evaluation of the physical input parameters let us discuss an example for relations that 
usually are derived with the help of Ward identities, but which are manifest in our approach. Consider the covariant 
derivative D p as defined in Eq. ( |2.2| ). Gauge invariance ensures that the covariant structure of D M is not destroyed by 
counterterms. In fact a ll co untert erms are gauge-invariant in our approach. Therefore the fields W" and B p are not 
renormalized, cf. Eqs. (B26) and (B27). Factoring out the gauge coupling constants g and g' from the gauge fields, 
which we then denote by W" and B p , the covariant derivative reads 



T - 



i\ 9 % 



(6.5) 



Thus, the wave function renormalization of the field W? (B p ) must be the inverse of the renormalization for g (g 1 ). 
This follows automatically from gauge invariance. 

For the determination of the two-point functions in Eqs. ( |6.lD , (3.2), and (6.4) we need the generating functional 
W^SmI^, Kfw, J%] up to second order in the external sources. Using a saddle-point approximation for the path integral, 
the generating functional at tree level is given by the action, evaluat ed a t t he so lutions of the classical equations of 
motion. Inserting the solutions of the equation of motion from Eqs. (3.17)-( [3.22 ) into the classical action we get the 
following result for the generating functional at tree level, expanded up to second order in powers of the external 
sources: 



d d x 



2A 



h{x) 



d d xd d y ■ 



TYl 8 777 

-^h x g H (x - y)h y - —M*r (J+£Qw{x ~ y)J~ y T ) 



■ S "'" 1 G ";(d„K^) - 4M 2 J^ T ) g z (x - y) f ^(d p K pp ) - 4Mf J, 



2 jZ : T 



^e 2 (d u K^ p ) x Q A (x - y)(dpK pil )y + contact terms 



(6.6) 



We have indicated the space- tim e arguments of the sources by the subscripts x and y. 

The contact terms in Eq. ( |6 . 6| ) do not contribute to the pole positions of the two-point functions. Note that only 
the transversal modes are propagating at this order of the expansion. From the pole positions of the propagators we 
can read off the masses of the particles at tree level: 



Mfj = 2m 2 ; 



M^; M 



m; = o 



(6.7) 
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The two-point function of the field strength in Eq. (6.4) is obtained from the generating functional in Eq. (6.6), if 
we switch off all the sources, except for K pv . It contains poles at p 2 = and at p 2 = — M 2 (n ote that we are working 



in Euclidean space-time), because of the presence of the propagators Qa and Qz in Ec 
that the field B p is a linear combination of the photon and the Z-boson field, cf. Eq 
pole position of the photon we get the electric charge 




. This is due to the fact 
From the residue at the 



(6.8) 



At the one-loop level the generating functional is given by the expression in Eq. (4.43), where the diagonalization of 
the differential operator for the quantum fluctuations has been carried out completely. Expanding the determinants 
in powers of the external sources leads after a lengthy calculation to the following result for the generating functional: 



W SM [h,K^,JZ] 



8m 2 



Myy Jt (p)Gw{p) l + VbWQwb) Ju'{-P) 



\ (^f' T (p), tf' T (p)) Qz,( P ) [i + si> 2 )fe»] ( f A T T 



(-p) 



16J+' L (p)S^(p : 



a ^' L (-p) 



U*< L (p)^(p 2 )J*> L (-p) 



contact terms 



(6.9) 



where we have introduced the abbreviations 



J^(P) 



Gz 7 (p) 



*Up 2 ) 



- \-\MiJp 1 (p) + ^(d P K P M) 



e(d p K Pft (p)) , 

Gz(p) 
Ga(p) 





Z T Z (P 2 ) 
Z T AZ (P 2 ) 

1 
1 



^ t za(p 2 ) 
Z T A (P 2 ) 



(6.10) 
(6.11) 
(6.12) 

(6.13) 

(6.14) 



The propagators Q in Eq. (|6.9| ) are defined in Eq. ( 3.24 ). The explicit results for the self-energies E can be found in 
Appendix 0. We note that these self-energies are part of our gauge-invariant Green's functions and should not be 
confused with the self-energies of the Higgs boson and the gauge fields in the usual approach. 

Since our calculation preserves gauge invariance, the self-energy from Eq. @) has the property E^(0) = 
which guarantees that the photon remains massless. From the result in Eq. (C6) follows that E^^O) = 0. Therefore 



the self-energy mixing-matrix Ti z Sp ) in Eq. (6.13) is diagonal at p = 0. Furthermore, gauge invariance implies 



that the equations of motion and the differential operators only contain the transverse component Aj^. Therefore 
only the self-energies and E^ appear in the generating functional in Eq. (6.9). There are no quantities E^ 

and E^. All these properties of the self-energies follow directly from gauge invariance. There is no need to impose 
them by any kind of renormalization conditions. We note that these properties for the self-energies also hold for the 
corresponding self-energies of the gauge fields in the background field approach to the standard model |16|. The latter 
Green's functions still depend, however, on the gauge fixing parameter £q for the quantum fluctuations. 

As a check on our calculation we have verified that in the limit g' — > the self-energies E^ and Eyy coincide. This 
statement is true for the transversal self-energies, E T , Eqs. (C2) and (C4), as well as the longitudinal self-energies 
E L , Eqs. (|Cf) and ©. 



From the expression for the generating functional in Eq. ( |6.9| ) we define the full propagators 

G tul \p 2 ) = G(p 2 )(l + Z(p 2 )G(p 2 )) 
1 



p 2 + M 2 — E(p 2 



(6.15) 
(6.16) 
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The second line follows after Dyson resummation. In Eq. ( 6.16| ) we den oted the bare mass by M 2 . For the gauge bosons 
we consider only the transverse components. The definition in Eq. (|6. 15 ) can be applied to the mixing propagator 
as well. 

Using the explicit results from Appendix |^ one observes that all self-energies behave for large momenta as 



S(p 2 ) - p 2 ln(p 2 /M 2 ) for p 2 -> oo 



(6.17) 



Note that there are individual contributions to the self-energie s whi ch gr ow li ke p A . They cancel each other, however, 
in the large p 2 limit. Therefore, the full propagators in Eq. ( 6.1 5| ) or (3.16) have the proper high energy behavior 
proportional to 1 / (p 2 \n(p 2 / p 2 )) . This can be traced back to the fact that the Goldst onc b oso n mo des are present in 
the calculation of the generating functional at one-loop level. The propagators in Eq. (6.15) or ( 6.1 6| ) are not identical 
to the propagators in the unitary gauge in the usually employed formalism. 

We note that there are terms proportional to 1/p 2 in S^) L and £j , cf. Eqs. (|C^)-(|C5|). The limit p 2 — > in these 
self-energies is, however, well defined. 



We de fine the physical masses of the particles through the pole position of the two-poi nt fu nctions in Eqs. (6.1) 
and (S.2). These poles then appear in the full, resummed propagators as defined in Eq. (3.16). The masses of the 
Z-boson and the photon can be identified with the eigenvalues of the inverse full mixing-propagator, i.e. the zeros of 
the determinant of (Gzy) -1 - At the one-loop level we get the relations 



M 



H,polc 



M 2 



^I,pole 



2m 2 
2m 2 

Ml 

M 2 - 
Mf - 



Re [S^t^p 2 
Re [E $ t$(p 2 



Re 



Re 



-2m 2 )] , 

~Mw,polc) 



£vv(p 2 
Re [S|(p 2 : 
Re [S|(p 2 : 



-M 2 z , polc )] 
-Ml)] . 



(6.18) 
(6.19) 
(6.20) 

(6.21) 
(6.22) 
(6.23) 



The approximations are valid at the one-loop level. Note that we a re work ing in Eucl idean space-time. Furthermore, 
only bare quantities enter on the right-hand side of the Eqs. (6.19), (6.21), and (3.23). The photon remains ma ssles s 
due to the relation 2^(0) = 0. At the one-loop level only the diagonal elements of the self-energy from Eq. ( 6.15 ) 
enter the definitions for the physical masses of Z-boson and the photon. The explicit expressions for the physical 
masses can be inferred from the results for the self-energies given in Appendix ^|. We do not list them here because 
they are too lengthy. 

We define the electric charge e 2 es as the residue at the photon pole of the two-point function (0\TB^ l/ (x)B pa (y)\0). 
As discussed before, this two-point function has poles at p 2 = and at p 2 = — M§. Due to the fact that ^(0) = 0, 
the residue at the photon pole is given by the expression 



e 2 = 

'"roe 



3 2 =0 



P 2 =0/ 



The approximation used is valid at the one-loop level. From the expression for in Eq. (| 
relation between the physical coupling constant e 2 es and the bare coupling constant e 2 : 



1 + e 2 5e 2 



Se 2 



-14 



A e (2m 2 ) + 



J_, (Mk\ 

32tt 2 n I 2m 2 J 



19 1 

T 16tt 2 ' 



where 



AJ2m 2 ) 



1 



16tt 2 Vd-4 



-(ln(47r)+r'(l) + l) + 



32tt 2 



In 



2m" 



(6.24) 

we get the following 

(6.25) 
(6.26) 

(6.27) 



Only bare quantities appear on the right-hand side of Eq. ( 3.25 ). We note that the result for e 2 es agrees with the 
usual definition of the electric charge in the Th ompso n limit 1 3 lf| in the absence of fermion contributi ons. 

The expressions for the physical masses, Eqs. ( 6.19 ), ( 6.21), Q6.23), an d the electric charge e 2 cs , Eq. ( |6.25| ), are finite 
if one inserts the renormalization prescriptions from Eqs. ( ]B26| ) (B33) for the bare quantities. The cancellation of 
the pole terms served as an important test of our calculation. 
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VII. SUMMARY AND DISCUSSION 



In this article we have presented a manifestly gauge-invariant approach to the bosonic sector of the standard model. 
Its essential feature is to consider gauge-invariant Green's functions. Hence, the generating functional involves external 
sources that couple to gauge-invariant operators only. In order to obtain the same S'-matrix elements as in the usual 
gauge-dependent approach, we chose sources that emit one-particle states of the Higgs boson, the W- and the Z-boson 
and the photon. In addition to that, however, the off-shell behavior of our Green's functions is completely free of any 
gauge-artifacts. This property makes our approach particularly suitable for situations where one is interested to gain 
information from off-shell quantities or where one is forced to deal with them, like, for instance, the analysis of finite 
width effects or the parametrization of new physics in terms of the oblique parameters S, T and U. 

As gauge-invariant operators we chose the scalar density the Abelia n fie ld stre ngth and the quantities 

ip ab V b , where V b are the currents of the global SU(2)r symmetry, cf. Eqs. (2.11) and (2.33). The third component 
of the current, V^, the scalar density and the Abelian field strength are already invariant under the full gauge-group 
SU(2)l x U(1)y- The other two components of the current are only invariant under the non- Abelian subgroup 
5J7(2)l but transform non-trivially under the Abelian group. In order to ensure full SU(2)l x ?7(l)y_in variance, we 
introduced an Abelian phase factor ip ab coupling to the charged SU(2)r currents as given in Eq. ( 2.33 ). The scalar 
density and the Abelian field strength excite one-particle states of the Higgs boson and the photon, respectively, while 
the currents emit one-particle states of the massive gauge fields. 

Since we couple external sources to gauge- invariant operators only, the generating functional can be defined in terms 
of a path integral without the need to fix a gauge. At tree level, it is given by the classical action. The equations 
of motion determine only the physical degrees of freedom. Hence, they have a whole class of solutions in terms of 
the original fields. Every two representatives are related to each other by a gauge transformation. Since the action 
is gauge- invariant, the generating functional is uniquely determined. An important property of our approach is the 
fact, that the classical Goldstone boson field represents the SU{2)l gauge degrees of freedom. Thus, no Goldstone 
boson fields are propagating at the classical level of the theory. All gauge-invariant sources emit physical modes only. 
Moreover, the equations which follow from the requirement that the variation of the Lagrangian with respect to the 
Goldstone boson field vanishes, are not equations of motion but constraints, expressing the fact that the gauge fields 
couple to conserved currents. These constraints can also be obtained by taking the derivative of the equations of 
motion for the gauge fields. 

The one-loop contribution to the generating functional can be evaluated with the saddle-point approximation. 
Because of gauge invariance, the quadratic form in the path integral representation of this contribution has zero 
eigenvalues. They correspond to fluctuations around the classical fields which are equivalent to infinitesimal gauge 
transformations. Hence, the expansion of the fluctuations involves eigenvectors of the differential operator with zero 
and non-zero eigenvalues. In order to evaluate the path integral one has to equip the space of fields with a metric. The 
volume element associated with this metric yields a nontrivial one-loop contribution to the generating functional. The 
integration over the zero modes yields the volume factor of the gauge group, which is absorbed by the normalization of 
the integral. The remaining integral over the non-zero modes is damped by the usual Gaussian factor. It corresponds 
to the product of the non-zero eigenvalues of the differential operator in the quadratic form. As usual, all one-loop 
contributions can be expressed in terms of determinants of differential operators. Since the gauge is not fixed, there 
are no ghost contributions in our approach. 

As mentioned above, the classical Goldstone boson field represents the SU(2)l gauge degrees of freedom. Thus, at 
the classical level only physical modes propagate. At the quantum level, however, the situation is different. Quantum 
fluctuations around the classical Goldstone boson field imply virtual Goldstone boson modes propagating within loops. 
Note that these modes are absent in any gauge-dependent approach based on the unitary gauge. They are, however, 
necessary in order to ensure a decent high energy behavior of the theory. 

The one-loop renormalization of the theory was discussed in detail. The Green's functions of currents, scalar 
densities and field strengths are more singular at short distances than the Green's functions of the fields. The time 
ordering of these operators gives rise to ambiguities which do not occur for the fields themselves. These ambiguities 
are reflected by the presence of additional source terms, which enter Green's functions through contact terms. We 
stress that this is a general feature of any field theory. It is neither particular to our gauge-invariant approach nor 
to gauge theories in general. Using dimensional regularization and employing heat-kernel techniques we analyzed 
the short distance properties of the theory. Ultraviolet divergences are related to the poles of the d-dimensional 
determinant which describes the one-loop contributions to the generating functional. With this approach we were 
able to determine the renormalization prescriptions of the mass parameter and all coupling constants, fields and 
source terms, independently of any renormalization scheme. Due to the dimension of the source terms involved, the 
generating functional should be renormalizable at any loop level. Furthermore, the phase factor which was introduced 
in order to ensure full SU (2) l X U(l)y invariance should not spoil the renormalizability of the theory at any loop-level 
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either. This is due to the fact that the phase factor only contains the Abelian gauge degree of freedom which does 
not affect the dynamics of the theory. 

Finally, we related the bare parameters of the theory to physical quantities in the on-shell scheme, i.e., we chose 
the masses of the Higgs, the W- and the Z-boson as well as the electric charge as physical input parameters. The 
masses were defined as pole positions of the two-point functions 

(0|T($t$)( x )($t$ )(y) | 0)! {0\T( t p°°V£){x)fr h *V?)( V )\Q) . (7.1) 



The results for the pole masses can be found in Eqs. ( |6.19| ), ( |6.21[ ), and Q6.23| ). The electric charge was defined as the 
residue at the photon pole of the two-point function 

(0\TB^(x)B pa (y)\0) . (7.2) 



The calculation showed that the result in Eq. ( |6.25 ) for the electromagnetic coupling constant defined in this way 



agrees with the well known result for the electric charge in the Thompson limit. This result is quite interesting since 
there are no Ward identities in the usual sense between our gauge-invariant Green's functions. Note, that the usual 
Ward identities relate gauge-dependent Green's functions. Hence, in our approach there is ad hoc no identity relating 
the residue of the two-point function in Eq. ( |7.2| ) at the photon pole to a three-point vertex. We did not evaluate any 
three-point function in order to check whether it leads to the same result for the coupling constant. 

At any rate, the absence of Ward identities does not imply any lack of knowledge. All information that Ward 
identities encode in any gauge-dependent framework is manifest in our gauge-invariant approach. As an example this 
was explicitly discussed for the relation between the renormalization factors of the coupling constants g and g' and 
those of the gauge fields corresponding to the symmetry groups SU(2)l and U(1)y, respectively. 

We have not included fermions in the present analysis of the standard model. However, the treatment of spin-1/2 
particles in our approach is straightforward. One may choose, for instance, the gauge-invariant fields ^q^, ^<z£, & 



k 

L i 



and cf. Eq. (J2.41 ) . The corresponding sources which emit fermionic one-particle states have already been 



specified in Ref. |17|]. As pointed out in Refs. ]25| , [26| the complete screening of the SU(2)l charge of the composite 
fields V?, and of the fermionic fields written above can also be interpreted as the manifestation of confinement 
in the electroweak theory, similarly to the mechanism in QCD. As discussed in Ref. |2(| the physically observed 
particles then correspond to "mesonic" and "baryonic" bound states of the usual fields that appear in the electroweak 
Lagrangian, see also Sec. |TJ. Our approach, extending the gauge- invariant treatment to the full group SU {2)l X U(1)y > 
can thus be viewed at as a well-defined framework for carrying out calculations which involve only those external 
fields which correspond to the physically observed particles^ 

We note that the application of our approach to other non-Abelian gauge theories like QCD is also possible. 
However, the structure of the relevant source terms will be different from those used in this article. The definition of, 
e.g., SU(2)l x U(l)y invariant sources exciting fermionic one-particle states as given in Ref. |l7| is only possible in 
the spontaneously broken phase. Hence, an analogous definition does not exist in QCD. Physically, however, it is not 
necessary either. Since QCD is confining, asymptotic states do not carry any SU(3) C charge. From a physical point 
of view it should thus be enough to consider Green's functions of SU(3) C invariant operators like, for instance, or 
tr(G M „G M1/ ). Note, however, that the selection of suitable gauge-invariant Green's functions depends on the physical 
problem one wants to investigate. There is no definite choice which applies to all cases. We believe, however, that a 
suitable choice should always be possible, since physical quantities are gauge-invariant. Any generating functional for 
QCD that involves gauge-invariant source terms only can then be evaluated in the perturbative regime with the same 
technique as described in this article. For attempts to dress SU(3) C charged quarks and gluons with a non-Abelian 
generalization of our phase factor see Refs. | B2| , B3| . 

A first application of our gauge-invariant method can be found in Ref. fl9[| where we analyzed the electroweak chiral 
Lagrangian p3[ , which describes the low-energy structure of a strongly interacting electroweak symmetry breaking 
sector. In particular, we determined the number of independent parameters in the effective Lagrangian. Furthermore, 
we evaluated the effective Lagrangian for the standard model with a heavy Higgs boson by matching gauge-invariant 
Green's functions in the full and the effective theory. 



*Of course, if we switch on the QCD interactions, the quarks will be confined in hadrons. 
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APPENDIX A: DIFFERENTIAL OPERATORS 



The explicit results for the differential operators which appear in Sec. IV are given below. In the following, upper 
case Latin indices A, B, . . . run from 1 to 4, lower case Latin indices a, b, . . . run from 1 to 3, and Greek indices a, (3, . . . 
label the components 1,2. 

The components of the differential operator D_ + PP T + Sp in Eq. ( 4.2£ ) are given by 



d = -□ + 2m 2 + 3m (R - 1) 

s Ta 

D ab 



-y a y a -h. 



= -352; - L 2 (n p y p )\ 



= -(V p V p ) ab + S ab (m 2 {R 2 - I 



M^R 2 S ab 



-y a y , 



AB 



M w Ry u pt^ , 



AB . 



5l> A = M W PT^ V Ry v , 
A aB = f aBc MwR yc + 2 M w (d v R)8 aB - sM z S 4B (2S a3 (dpR) + RT ac W c p ) PT M „ 
Al' Ab = -f Abc M w Ry c + 2M w (d fi R)S Ab + sM z S A4 PT^ (RW u T cb - 2(d u R)S 



r3fe\ 



D 



AB 



S^(V p V p ) AB + V ABc W uv + (M 2 ) AB PT^ + M^S^PL,, 



AC , 



DB 



+ PT Ma (M 2 ) CD (R 2 - l)PT a „ + 6 A4 6 B4 PT w J pa PT^ . 
where we introduced the quantities 



oh 



2° 



~AB 

2* = 

~A 



g^AB _ f ABc (yyc _ § 3c B Lj 

ya 
— M 



3 



- d»YC - (K - B^Tfyvi + (W 3 - B5)Tfyv% , 



rpa(3 

PT — 

M 2 = 



1 

-1 



diag (6^, S p „, 5 pvi PT^) 
/ M 2 r 



r 2 

M 2 , 



V 





c 2 M 2 
-csM% 



-csM 2 z 
s 2 M 2 



Jfj.u = g' 2 v d] (SpuJZJZ ~ J p Jy) 



(Al) 
(A2) 
(A3) 
(A4) 
(A5) 

(A6) 
(A7) 
(A8) 

(A9) 

(A10) 
(All) 
(A12) 
(A13) 

(A14) 
(A15) 

(A16) 

(A17) 

(A18) 
(A19) 
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Note that the combination W p — B^ which appears in the expressions above is SU(2) l x U(1)y gauge-invariant, since 

Wl-B L ^=Z, l + s 2 Zl-Al . (A20) 



Using the definition from Eq. (4.21 ) of the operator P which crea tes ze ro modes, we obtain the following expressions 
for the differential operators PP and P T P which appear in Eq. ( 4.28| ) : 

/0 \ 

PP T = M 2 v R 2 5 ab -M w RDf , (A21) 
V MwV^R -{V^) AB J 

pTp^^-v^vt + MwR 2 ^ o \ (A22) 

Furthermore, the operator dp is defined by 

S P = dmg(0,0,5 A4 5 4B M 2 v PL pi/ ) . (A23) 
The operators 8 P and A M which appear in Eqs. ( |4.39 )— ( 4.41 ) are given by the following expressions: 

if = M w Ry_l , (A24) 

5* = M z Ryl (c 2 S pi/ + s 2 PT pi/ ) , (A25) 

S A = scMzRyZpL^ , (A26) 

8™' T0 = M w Ry_l (A27) 

8f T = M z {c 2 8 pu + s 2 PT Mi/ ) 3^ , (A28) 

8f T = scMzPL^y*R, (A29) 

A w^ = e a0o MwR yc + 2 M w (d u R)8 a(i , (A30) 

A^ TQh = -£ a6c M w ii^ + 2M w {d p R)S ab , (A31) 

Af ° = e a3c M z i?(c 2 ^ - S 2 n£PT^) + 28 a3 M z (d l± R) (c 2 5 pv + , S 2 PT^) , (A32) 

A*° = e a3c S cAf z i?(^ + W^PT^) + 2scS a3 M z (d p R)PL pi/ , (A33) 

A Z, T b = _ £ 3bc Mz(c 2yc _ s 2p T ^c )R + 2§ 3b Mz ( C 2 S ^ + fi 2p T ^) > (A34) 

Af' = -e 3bc scM z (y_l + PT^WDR + 2sc6 3b M z PL pi/ (d„R) . (A35) 
The first terms on the right-hand side of Eqs. ( 4.39| )-( [i-.41[ ) read as follows: 

D™° P = D%° af> + Tf ((d a (W 3 - B£)) + 2(W 3 B L a )d a ) 6^ - {T^m^X^ 

+ {Wl - B^)(W 3 - B^J^ + 2Tf^ v + MlyiR 2 - 1)5^ , (A36) 

+M 2 (c 2 5 pp + s 2 PT MP ) (R 2 - 1) (c 2 <5 p „ + s 2 PT pu ) , (A37) 

D$ v = D$ + s 2 W«W«6 p „ + s 2 M^PL fip (R 2 - 1)PV + c 2 PT pp J pff PT CT1 , , (A38) 

t%™ = ~cTf ((d a y&) + 2Ytda) V - c(W 3 - B L a )m^ v - ^Tf^ v , (A39) 

& Tf3 = -c {{d a m) + TfS^ - c(W 3 - B^W^d^ - 2c]4£ T? , (A40) 

&° = sTf (id a V£) + W£d„) 6^ - s(Wl - B L a )W a J p „ - 2sTfW% , (A41) 

^ = ~ s + 2md a ) TfS^ - s(W 3 - B L a )y£^ v - 2sWTf , (A42) 

rfa = scY£V£5^ + scM 2 (c 2 5 pp + s 2 PT w ) (R 2 - l)PL pv - scPT pp j pa PT au , (A43) 

<b T = scW^WZS^ + scM 2 PL pp {R 2 ~ 1) {c 2 b pv + s 2 PT pv ) - scPT pp J pa PT au . (A44) 
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Free propagators are the inverse of the following operators: 



d° = d m = -□ 

ab 



2mf 



D° a = (-D + M^)S ab . 



a0 



v z,a 



V 



A,0 — n^.O 



Df.;? = (-□ + Mf )PT^ + (-□ + M^)PL^ , 



(A45) 
(A46) 
(A47) 
(A48) 
(A49) 



which are obtained in the limit where all sources are switched off. We observe that all transversal components 
propagate with the proper mass, while all longitudinal components propagate with the W-^-boson mass. 

Since we perform a s ad dle-p oint approximation in the path int egra l, the fields which appear in the list of differential 
operators in Eqs. (A1)-(A44) obey th e eq u atio ns of motion ( |3.2| )~(3.7). We have used this fact to simplify the 
expressions of those operators in Eqs. (|Al|) -( |A9|) which correspond to the fluctuations rj a of the Goldstone bosons. 
Furthermore, it is important to ensure that the full differential operator D + PP T + dp is Hcrmitian, i.e. satisfies the 
relation (y, [D_ + PP T + Sp]y') = (y', [D_ + PP T + Sp]y) for arbitrary fluctuation vectors y, y'. 



APPENDIX B: RENORMALIZATION PRESCRIPTIONS 



For the calculation of the counterterms and the renormalization prescriptions it is convenient to switch to a real 
0(4)-representation for the Higgs field: 



(Bl) 




The covariant derivative for the Higgs field is given by 



where the matrices Tl^r are defined through 



V NM^M = (g^NM + pNM^M ^ j\T, M = 1, 2, 3, 4 , (B2) 

Fn = W"Tl + B^Tl a = 1, 2, 3 , (B3) 



t r = \{T a + T a ), Tl = -(T a -T a ), 
(f c ) NM = -e NMc , (f c ) NM = 6? 6? - &?8» . (B4) 



It can easily be shown that the matrices T R and T£ separately satisfy the Pauli algebra. The Lagrangian in Eq. (2.25) 
can then be rewritten in terms of the fields in the real representation. The main changes compared to the notation 
with a complex doublet <J> are obtained by the following replacements: 

with 

Jrh = T ^V^. (B6) 

The evaluation of the path integral representation of the generating functional in Eq. ( |4.1| ) is again performed by 
a saddle-point approximation around the classical action. The quantum fluctuations are introduced as simple shifts 
in the fields 

J.N . iN i rN 



+ r 

\^R 



-> F„ + gw a T a R + g'b^Tl . (B7) 
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It will be useful to treat the fluctuations w^, and the matrices T£, in a unified way by introducing the quantities: 

4=(tl)> tA ={n)' A = 1 > 2 > 3 > 4 - (B8) 

The terms quadratic in the fluctuations determine the differential operator D + PP T , after the proper treatment of 
the zero modes. From the path integral measure one gets the operator P T P. The final result for these operators can 
be written in the following way, which is suitable for using the heat-kernel method and the short distance expansion 
outlined in Sec. 

D + PP T = Aoc + SD , (B9) 
where the local part D\ oc of the differential operator is given by 

D loc = -D p D p + a, (BIO) 

Mo mO' (bii) 

d NM = 6 NMQ p + pNM _ Aj NM ^ (B12) 

V AB = S AB d p - f ABc W c p , (B13) 



a Jf a Jq 



(BI4) 



- (-™ 2 + A<^ - h - v 3J jp« - Cjj J*J*) 6™ 

+ 2\4> N 4> M - (t A <P ® 4> T t A ) NM + 16(j pJp ) nm , (BI5) 

f£ = -2(t B V^) N + 4{^ ; t B } NM <t> M , (BI6) 

<J A f M , = 2(V p T t A ) M + ^ N { Jp , t A } NM , (BI7) 

AB 



(J 



-AB 



S pv ft A t B 4> ~ 2<* + 6 A4 5 B4 J pv . (B18) 



Here we introduced the quantities 



J/.=OT, (BI9) 
W^ AB = V v \ AB = -f ABc W^ . (B20) 

The quantities f ABc and J pu have been defined in Eqs. (4.22) and ( |A19| ), respectively. 

The nonlocal part 5D of the differential operator which contains the contributions from the phase factor reads 

N f 1 \ / n a \N / 1 



8D^ B V = ~Ag'S m ^TfT^V^ + {d p3p TTfT&) [d v -j 4c/5 Bi (j a p TfT&) [d p d v -j , (B22) 
8D™ = Ag'S A4 (d^ (fF p TfT^ p - {V j^TfT^ , (B23) 
SO***, = 8 9 '5 Ai (^4) (flZTfT^^) + 4 5 'V 4 ^ 4 (<^T£V^) (d v ± 



-> 1 ; 1 ( i J J CT „ - <5 A4 <S S4 J MCT (d<A^J + <5 A4 £ B4 f M 0„^ J t R (d K d v I ) . ( B2 J ) 

The contributions to the counterterms from the path integral measure can be calculated from the expression 

{P T P) AB = -{V p V p ) AB - ^ T t A t B (f> . (B25) 

The determination of the counterterms then proceeds along the lines sketched in Sec. [v} From the counterterms 
we can read off the renormalization prescriptions for the fields, the mass parameter m 2 , the coupling constants and 



24 



the sources. The relations between bare and renormalized fields, masses and coupling constants which are needed in 
Sec. VI are given by 

(B26) 
(B27) 

(B28) 

(B29) 

(B30) 



(B31) 

(B32) 
(B33) 



T 


= w ar 

= Z \ <l>r , 










= 1- 
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where we denoted the pole term by 
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The finite renormalization constants 5m 2 , . . . ,Sg' 2 which appear in the Eqs. (B3C)-(B33) are determined by the 
renormalization conditions given in Sec. [?]. 



The renormalization of the source terms can be achieved by using the following prescriptions: 
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In order to renormalize on-shell quantities, like masses, coupling constants and S-matrix ele ment s it wi ll 
necessary to determine all the finite renormalization constants 8c and 6v which appear in Eqs. (B35)-(B60). 
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APPENDIX C: SELF-ENERGIES 



The explicit results for the self-energies which appear in the generating functional in Eq. (6.9) are given by the 
following expressions: 
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The tadpole contribution Aq and the two-point integral Bq which appear in 
following equations: 
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